CBSE 2016 Maths Solved Paper

Mathematics 2016 (Outside Delhi)

SET 1

Time allowed : 3 hours

SECTION — A
x+3 -2
1. Ifx e Nand ’ 8, then find the value
of . -3 2x ]
x+3: -2
Solution : We have, =8
-3x 2z
= (x+3)x2xr-(-2) x (~3x)=8
= . 22 + 6x — 6x=8
= 2¢2=8
= =4
Butx#-2asxeN
= x=2 Ans,

2. Use elementary column operation C, - Co +2C;
in the following matrix equation :

2 1] /3 11 0
2 0} {2 off-1 1 [11
Solution : We have
2 1 3 1|1 0
2 0 |2 of|—1 1
P = A.B(say)
ApplymgC2—>C2+2C10nP we get

2 5]
2 4] = Q6

Applying C2 — Cz + 2C; on B, we get
1 2]
C
[_1 3 (say)
) 3 1|1 2
Now, AC = [2 0} [_1 _J =Q

2 5 3 1|1 2
PR H B
3. Write the number of all pessible matrices of
order 2 x 2 with each entry 1, 2 or 3. [1]
Solution : Total number of all possible matrices of
order2 x 2 witheachentry 1,2 or3 are 3%ie.,81.
Ans.

4. Write the position vector of the point which
. divides the join of points with position vector

N

S - -
3a—-2b and 24+3b intheratio2:1. 1]

Solution : Let A and B be the given pomts

with position vectors 3 a-2 b and 2 a+3 b
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Maximum marks : 100
respectively.

Let P and Q be the points dividing AB in the ratio
2:1 internally and externally respectively. Then,

- > -> -
183a-2b)+2(2a+3b)

Position vector of P =
1+2
i -
7a 4b
=+
3 3
Position vector of Q = -2b ) 2(2a+3b)
Lo, 1-2
=a+8b Ans.

. Write the number of vectors of unit

length perpendicular to both the vectors

-2 AOA A i d AA
a=2i+j+2kand b=j+k. [1]
Solution : We know that the unit vectors
> -
perpendicular to the plane of 2 and b are
> >
L b
> >
| ax b |
A /} A
SN L A
So, Jaxb|=]p 1 2
0 1 1
A A A
= (1-2)i—(2-0)j+(2-0)k
A A A
= —i-2j+2k
> >
= laxb| = P+ (22 + @27 =9 =3

Hence, required vectors
1 A A Fal
= i-g(— i-2j+2k)

and number of vectors are 2. Ans,

. Find thevectorequation oftheplane withintercepts

3,—4 and 2 on x, y and z-axis respectively. [1]
Solution : The equation of the required plane is,

X X2

3 -4 2
> 4x-3y+62 =12

A

In vector form : (xz+y]+zk)(4z 3]+6k) 12
ie., r.(4t—3]+6k)=12
Thisisthe vector equationof the plane withintercept
3,—4 and 2 on coordinate axis. Ans,
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SECTION —B

7. Find the coordinates of the point where the line

through the points A(3,4,1) and B(5, 1, 6) crosses
the XZ-plane. Also find the angle which this line
makes with the XZ-plane. [4]
Solution : The equation of the line passing
through A and B is,
x-3_y-4_z-1 x-3_y-4_z-1 ()
5-3 1-4 6-1 2 -3 5
' g’he coordinates of any point on this line are given
y :

x-3 _y-4 z-1
2 -3 5
= x=2A+3,y=-3A+4,z=51+1

So (23, + 3, -3\ + 4, 5\ + 1) are the coordinates of
“any point on the line passing through A and B. If
it lies on XZ-plane then y = 0.

-3r+4 = 0:>?\.=-§—

=X

So, the coordinates of required point are

(2xi+3,—3xé+4,5xé+l)i.e.,(£,0,§)
3 3 3 3 3
Now, the line in equation (i) is parallel to the

- A A Fa¥
vector b =2i-3j+5k and the XZ-plane is

- A
normal to the vector n = j. Therefore, the angle

8 between them is given by
Ez)_)
. n
sin@ = e
lo]-|n]

@i-3jsshh_|
Jor + o7 + 6P|
3

= sin@ = —
NET)
. -1 3
= B = sin | —
[JBS]
= 8 = sin! (0.4866) Ans,

. The two adjacent sides of a parallelogram are

A A A A A A
2i-4f-5k and 2i+2j+3k. Find the two
unit vectors 1pal'allel to its diagonals. Using
the diagonal vectors, find the area of the

parallelogram. [4]
Solution : Let ABCD be a parallelogram such that

-3 b d A A A
AB = a=2i-4j-5k
- b d A A A
and BC = b=2i+2j+3k
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- - -
AB +BC = AC
—» - = A A A
= AC = a+b=4i-2j-2k
- - -
and AB + BD = AD
- - -
= BD = AD - AB
- > > A A A
= BD = b—a =0i+6j+8k

—> A A A

Now, AC=4i-2j-2k
|AC| = v(42 +(-27 +(-2)* =v24=2V6

—> A A A

and |BD| = 0i+6j+8k

IBD| = {02+ (6P + 8 =00 =10

Unit vector along AC

_)
AC 1 4 4 8
=——=—+r(4i-2j-2k)
>
ac| 26
1 2’.‘ " I/c\
_ — l.—. —
Jg( j—=k)
o
Unit vector along BD
-
A A A A
- —B_E)—:%(é i+8k) =%(3 Tedk)
| BD|
Now, area of parallelogram
1. - -
2
A A Ial
i j k
—> -
= ACxBD =14 -2 -2
0 6 8

=47 +32 ] +24k
Area of parallelogram

1= -
=3 AC x BD

= J404 or 24101 sg. units Ans.

. In a game, a man wins ¥ 5 for getting a number

greater than 4 and loses ¥ 1 otherwise, when a
fair die is thrown. The man decided to throw
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a die thrice but to quit as and when he gets a
number greater than 4. Find the expected value
of the amount he wins/loses. [4]
Solution : Let # denote the number of throws
required to get a number greater than 4-and X
denote the amount won/lost.

The man may get a number greater than 4 in the
very first throw of the die or in second throw or

in the third throw.
Let p = Probability of getting a number greater
than 4
2
= 2 |
4
g=1-p=<
Thus, wehave thefollowing probabi]ity distribution
for X.
Number of throws {) 1 1 | 2 3 3
Amount won/lost (X)|5 | 4 3 -
. 2 4 4 2 4
Probability (P(X)) g —6—x6 6><6><6 6x6x6
2. 4 4 4 2 4 4 4
= 5x= —x= —x—=x— +—3 Sx=
E(X) = 5x +4x6x6+3x6x6x6 ( )6><6><6
1
9
: o1 :
Expected amount he couldv»rinsisi"?9 Ans.
OR

A bag contains 4 balls, Two balls are drawn at
random {without replacement) and are found to
be white. What is the probability that all balls
in the bag are white ?

Solution : We know that the number of white balls
can'’t be less than 2.

Now, there are different cases, for the number of
white balls in the bag. The total cases are *C, +

SCZ + 4C2. )
2! 3! 4!
= + +
2!x 0! 2Ix1l 2!x2!
=1+3+6=10
.. Probability of the case that there are 4 white
balls
z'.e., 4C2 =6
Hence, the probability that all balls in the bag are
white is
5 or 3. Ans.
10 5

10. Differentiate x‘“‘“‘ + (sin )% with respecttox. [4]

www.cbsepdf.com

11.

Solution : We have,
X7 4 (gin x)©8*
Let y =27 + (sin x)°**
Taking log on both sides,
log y = sin x log x + cos x log (sin x)
= y= Snxlogz ecoszlog (sin x)
On differentiating both sides w.r.t. x, we get

d_y = gfinxlogx i(smxlogx)+ecmxlog(mx)
dx
i(cosxlo (sinx))
dx &
dy sinx{ sinx} . P
s S 1
= I X cosxlog x + " +(sinx)

1
.CcosX
in x

{—sin xlog(sin x)+ cosx.—
3
[,._esinzlogz =80 ¥ and ecosxlog (S}nz) = (sin x)cosz]

i sinx | .
= xS {cos xlogx+ —} +(sin x)°%*
X

2
{~sinxlog(sinx)+co.S x} Ans.
sin x

OR
If y = 2 cos (log x) + 3 sin (log x), prove that
dy, 4
2%y %
0.
w2 CaYT

Solution : Given, i = 2 cos (log x) + 3 sin (log x)
On differentiating both sides w.r.t. x, we get

gg—c = — Zsin(logx).% + 3cos(log x).%

= xj—z = —2sin(log x)+ 3 cos (log x)

Again d1fferent1atmg both sides w r.t. x, we get
d Y . _ 2cos(log x)

w2 d
dx * ~35m(10g x)
= x2 i—y—' ay _ ~2sin(log x)+ 3 cos (log x)
i
dy _d
= x2 EZ‘ + xd—z =—y
2d% | _dy
= x—5+x=+y=0 Hence Proved.
dx dx
Ifx=asin2t(1 +cos 2t) and y=b cos 2t (1 - cos
20), find dz te=7 4]

Solution : We have, x = a sin 2t (1 + cos 2f)
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i y=A(y+2)+B(y—1) (i)
= —’: = 24 cos 2t (1 + cos 2f) — 24 sin? 2¢ v

d Putting y = 1 and y = — 2 successively in (ii), we
and y = b cos 2t (1 - cos 2f) get
= = 2b cos 2i sin 2t — 2b sin 24 (1 - cos 2i) A= 5 and B=
dy = fi_-]ix a Substituting the values of A and Bin (1), we obtain
dx dt dx
y 1 2

_ 2bcos2tsin2t —2bsin2t (1-cos2t)
2ac0s2t(1+ cos2t) - 2asin? 2t

y-DE+2) - -1 3y+2)

Replacing y by 22, we obtain
b[cosZtstt —sin 2#(1 - c052t)] P &Y Yz

x 1 2
d[cos2(1 + cos2t)—sin 29¢ = +
[ ( ) ] ( 2_1)(x2+2) 3(12—1) 3(x2+2)
Since, we know thatat = 4,511'12.4‘. 1 and cos 2t =0 '

[d_yJ _ He1-1a-0) B, = Ix4+x JEzEI(xz—l)
) S goa+0)-1] a4 %I i
(x° +2)

So,

12. The equation of tangent at (2, 3) on the curve

¥ = ax® + b is y = 4x - 5. Find the value of # and 11, [x=1] 2 1 c
=Z.= —tan”
b. (4l 328173 2 (I}L
Solution : Since the point (2, 3) lies on the curve 1 1 J—
yr=ar+b i (T) Ane
x+
= 3)? = a@P+b
= 9 = 8a+b (i) =2 sin’x
14, Evaluate: — (4]
and ¥V o= ax’+b I sinx +cosx
On differentiating w.r.t. x, Solution : We have
dy i’ 2
2y-< = 3ax? n/2  sinx
' ygx 3ax? = -[0 sinx +cosx ax -4
= _y = ——
dx 2y sinz[ﬁ—x)
(Ezj _ a2 > 1=[" 2 dx
dx 2.3) 2(3) 0 sin(g—x]+cos(5—x)
The required equation of the tangent at (2, 3) is 2 4
(y-3) = 2a(x-2) [Usi.ng:Jlof(x)dx=l|‘0f(a—x)dx:| ‘
= y-3 = 2ax-4a T - J-nlz cos?x dx (i)
= _ y= .Zax+'3—4a " Jo cosx+sinx
Comparing the equation w1th y=4x-5, we get Adding equation (i) and (ii), we get
E ti 4 - Zaet=> a=2 _ J-nlz sin®x + cos? x
rom equation (i), we g 0 sinx+cosx sinx+cosx
=82 +b =>b=-7 Ans. _ J-nlz 1 dx
0 Tt ae—o
13. Find: j- — x:z dx [4] n/zsmx+cosx .
+ 2 - - Jlo 5 dx
Solutlon'Let, 2tanx/2 1-tan“x/2
2 1+tan®x/2 1+tanx/2
I—J. = J. 7 - dx 2
4+x2 2 (2 -1)(x? +2) ~ o= Inlz 1+tan®x/2 e
Let=y 0 2tanx/2+1-tan’x/2
¥ A B 7/2 secZx/2
Th = + = | , dx
N y-Dy+D T G-) (y+2) @ 0 2tanx/2+1-tan’x/2
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x — rl/2 3/2
Let tanE=t. Io (xccrswr.;\c)dx—J‘U2 {xcosnx)dx
. 1/2 .
'I'hen’ Seczi.ldx;dt:seczidx:-ut o X S wx / ~j1/25mmdx
22 2 T 0 0 [
T T .
oo } ]. 1 2 T by V2w
02t+1- t2 (\/5-)’2—(#—1)2 _ l[lsinn_o)_l_cosnx]l/z
w2 2 2 |
|\/_+t 1|
| t"'ll 1[3. 3n 1. n) COSTX
-1=| ssin—-=sin [+—
= A= T JE 1
i ——1—+i[c°5“— osoJ—l[—(—1)~—(1)J
T2n 2\ 2
= = —40-lo
\/_ & \/_ 1 1 (cosSn cosn)
+___ —— — ——
{ } w2\ 2 2
= = 7= 1 1 1/ 3 1 1
2 +1 - o (0-1)- 22 S0-0
7z ) L S0 n[,z 2)+n2( )
- - { \/_+1 } ] l_l+z
\/_ -1 2n 2 @
J2+1 l.,.g__l_
Ans. = 2
= ZJ_ (\/_—1) v om
= W+4n-2
OR 2ﬁ2
3/2 Sn-2
Evaluate:j | xcosmx |dx = Ans.

. 2
3 2r

3
Solutlon Wehave,0<x< - =20<mx< ==

2 2 15. Find : [(3x +1)V4~3x - 227 dx [4]
Now, O<x< =

: d
2,: Solution: Let3x + 1= 15(4—3x—2xz)+u.
D<mx< -
2 Then, x+1 = A(-3-4)+u
= cosmx>0 341 B + (=30 + )
= xcosnx>0 = X+l = -t =oAt
o8 - Comparing the coefficients of like powers of x, we

= |xcosnx| =xcosnx for 0<nx<5 get
and %<x<% -4\ = 3and-3A+p=1

-3 -5
= g<1:x<37“ = k=—4—andu=—4—
= cosmx<0 Let I = I(3x+1)\/4—3x—2x2dx
= xcosnx<0 5

3n 3 2
= |xcosnx| =—xcosnx forn<nx< 5 I=I{"Z(_3"4x)“2} 4-3x-2x"dx
. 32
. Io pecosmx|dx = ~%j(—3—4x) 4—3x-2x2dx
' 1/2 3/2
- IO |xcosnx|dx+j1/2|chsﬂx|dx _ —éf 4-3x—2x dx
1/2 3/2 -
= I (xcosm:)dx+j (—xcosnx)dx 3 5 3 9 9
0 1/2 = S [Jrat =2 -2 #*+= ————2)d
- i 41\[ T 16 16
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where, f =4 - 3x - 2x%
> di=(-3-4n)dr

3f $8/2 52 3y (VALY
_.——[3/2}+C1—T \/ (x+z] -{TJ dx

= —5(4—3.17—23&72)3/2 +0

S e BT

2 i3
5 1[\/41} - 4
- T sin

222 Vai/4

+ Cy

= —%(4—3x-2x2)3/2

5
J_
[4x+3)+C
4J‘ 16 Va1
where (c =c¢; +¢9)

= —-;—(4—3x—2x2)3/2—-l;-[x+-i—j\/4—3x—2x2

5x41 _1[4x+3)
+C

+ sSin
42 x16 Ja
3/2
_%(4—3x—2x2) —g[4xZBJ\/473x—2x2

8x16 Ja
3/2
= H%(4—3x— 2x2) ~-g—[[4x4+3]\/4—3x—2x2

41V2 _1(4x+3J
+ ——sin +c¢| Ans.
16 Va1

+ 5x412 _1[4x+3)
sin +c

16. Solve the differential equation :

d d
y+xgx‘t’~'-—x Y 2.4 "
Solution : We have, y+x_y=x_yd_y
. xd—y+yd—y 3 xuydx dx
dx “dx
= &y X7y (@)

dx x+y
Which is a homogeneous differential equation.
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43x Zx}'

17.

. dy av ., .
Puttin, =Vx = > =V+x— in (i), we get
&Y dx xdx ® &
V+xﬂ= x=Vx
dxr x+Vx
av 1-V
= V+xE_’—1+V
v _1-V _
= dx  1+V
N LAV _1-v-v-ov?
dx 1+V
A 1-2V-V2
= dx 1+V
1+V dx 0
T qoavovE T FF
—d
S A\ (i)
Ve+2V-1 x
Putting t=V2+2V -1
= dt =2V +2)dv
- %dt = (V+1)dV
Now, equation (ii) becomes
1 —dx
—dt = —
2 x
On integrating above equation
we get,
—j dt--f
= Elog|tl=—log|x]+logC
1 .
= —log |V?+2V-1|12= log 9‘
2 x
2
C
= VZi2v-1= (—)
x
2 2
f— (—y—) +2(H)“1=C— ('.'V:—y—)
x x 52 x
2 2
v, 2y ., _<
- 2 x 2
= ¥+ 2y - x2=C? Ans.

Form the differential equation of the family of
circles in the second quadrant and touching the
coordinate axes. [4]

Solution : The equation of circles in the second
quadrant which touch the coordinate axes is

(x+af+(y-a?=a>acR ~ ..0)
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3 =2

(-2,4)

v
Y
where a is a parameter. This equation contains
one arbitrary constant. So we shall differentiate it
once only and we shall get a differential equation
of first order.

Differentiating (i) w.r.t. x, we get

1

2(x+a)+2(y—a)iy—

=0
= x+a+{y- a)d—x =0 ”
x+y—=-
N g=— ddx
_2y
dx
= a= I+_Py,whereP=z—ch

Substituting the value of # in (i), we get
2 \2 2
[x+:c+PyJ +(yﬁx+Pyj [x+Py)
P-1 P-1, _{P-1

= (2P —x+ x+ yPP2 + (yP -y —x—yP)* = (x + yP)?

= (x +y?P?+ (x + )’ = (x +yP)?
= (x+yP? P> +1) = (x +yP)?

dy ¥ dy P
2= | +1| 5 4
= (x+1) {[dxj + :| = [x"'ydx)
This is the required differential equation
representing the given family of circles.  Ans.

18. Solve the equation for x : sin™ x + sin™ (1 - x) =
cosx, [4]

Solution : We have, sin? x + sin”! (1 - x) = cos?

= sin~ (xy1-(1-2)2 +(1~x)\/1-3c2)=cos"1 x

= sin 1(1 1- (1+x —2x)+(1-x)V1- xz) cos~

x

v1-x2
. [~
_Let costx =
= x = cosG
and sin® = y1-x2
= sin_l(\ll—xz) =cos~tx

AR
@
|
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19.

—ssin v 2x— 22 +(1-2)V1-22) =sin 1(¥1-12)
= xy2r—22 +(1-0V1-2% = J1-42
= x\/2x~x2 = \/l—xz.(l—1+x)

= :n:[\/bc—x2 —\/l—sz =0

= x=00r \oy_s2=1-x2
= x=0or 2x-¥*=1-2°

= x= 0or x= E Ans.
OR
If cos 12+ cos‘1%=a, prove that:
a )
2 2
:—z—zzy—bcosa+1;2 =sin’q
Solution : We have, cos 1—+cos %=
a
= 1[xy+1’1__1/ y—z =q
xy .‘I —
= E+ l—a—2 l—b—zucosa
2 2
X y xy
= 1-=,/1-% =cosa——
at B2 ab
On squaring both sides, we get
2 2
X Y xy
1-=% || 1-%% cosa
2 2 2.2 2.2
= 1- 2 Y Y os?a+ 2 —Zﬂcosa
a? b g% a’p®  ab
2
XY ginZq 2
= 1 2 2—1 sin“a abcosa
2
x° 2xy )
;f ——aE-COStI + b_2 =sin” & Hence Proved.

A trust invested some money in two types of
bond. The first bond pays 10% interest and
second bond pays 12% interest. The trust
received ¥ 2,800 as interest. However, if trust had
interchanged money in bonds, they would have
got T 100 less as interest. Using matrix method,
find the amount invested by the trust. Interest
received on this amount will be given to Helpage
India as donation. Which value is reflected in
this question ? [4]
Solution : Let the amount invested by the trust in
first and second bond be x and y respectively.

10xxx1 _10_x
100 100

Interest from first bond =
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12xyx1 _12y SECTION —C
100 100 20. There are two types of fertilisers ‘A" and ‘B". “A’

. _ consists of 12% nitrogen and 5% phosphoric
Interest received by trust =3 2,800 acid whereas ‘B’ consists of 4% nitrogen and

Interest from second bond =

According to the question, 5% phosphoric acid. After testing the soil
10_x+gj_ = 2,800 conditions, farmer finds that he needs at least
100 100 12 kg of nitrogen and 12 kg of phosphoric acid
_ . for his crops. If ‘A’ costs ¥ 10 per kg and ‘B’ cost
= 10z +12y = 2,80,000 () ¥ 8 per kg, then graphically determine how much
and 12,10y _ 5009 of each type of fertiliser should be used so that
100 100 nufrient requirements are met at a minimum
= 12x+10y = 2,70,000 (i) cost. [6]
This system of equations can be written in matrix Solution: Let t1.1e quantity of fertiliser A and B be
form as follows : x and y respectively.
To minimize : Z =¥ (10x + 8y)
10 12]f=x = 2,80,000 Subject to the constraints :
12 10|y 2,70,000 12 4
Zxt—y 212
or AX = B, 100 100
or 12x + 4y > 1200
where A< 12] % _[*] ana 5. [>50-000 o s
12 10 2,70,000 and 22 512
10 12 100 100
Now,[A|=’12 10‘ =100~-144=~44 %0 or 5x + 5y 2 1200
and x20,y=20
So, A~ exists and the solution of the given system .
of equations is given by Le., 3x +y = 300,
X = A7B x+y 2240,
Let ¢; be the cofactor of a; in A = [a;]. Then, x20,y20

c11 = 10, Cl12=— 12, c21=— 12, Cyy = 10

T
ade{ 10 ~12] =[ 10 —12}

-12 10| |-12 10
1 1[ 10 -12

1= ——(adjA)=-—
So, A IA](«'M ) 44[_12 10}

Hence, the solution is given by

Xealpo L [ 10 —12}{2,80,000]

44|-12 10| 2,70,000
x| _ 1[ 28,00,000-32,40,000
y| — 44|-33,60,000 +27,00,000 |

H _ 1[-4,40,0007 [10,000
Y 44| -6,60,000 | | 15,000
= x=10,000 and y = 15,000

= A =x+y=10,000 + 15,000 =¥ 25,000
Hence, the amount invested by the trust is

Corner Points Z=10x+8y
A (0,300) 1 Z=10x0+8x300= ¥ 2400
B (30,210) Z=10%x30+8x%210= ¥ 1980

% 25.000. C (240,0) Z=10x240+8x0= %2400
Value : Giving help to those in need is a The region of 10x + 8y < 1980 has no point in
humanitarian act. Ans. common to the feasible region.
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21.

So, Z is minimum for x = 30 and y = 210 and the
minimum value of Z is ¥ 1980.

Hence, the quantity of fertilizer A is 30 kg and of
fertilizer B is 210 kg. Ans,

Five bad oranges are accidently mixed with
20 good ones. If four oranges are drawn one
by one successively with replacement, then
find the probability distribution of number of
bad oranges drawn. Hence find the mean and
variance of the distribution. [6]

Solution : Let X denotes the number of bad
oranges in a draw of 4 oranges from a group of
20 good oranges and 5 bad oranges. Since there
are 5 bad oranges in the group, therefore X can
take values, 0, 1, 2, 3, 4.

Now, P(X = 0) = Probability of getting no bad
orange.

P(X = 0) = Probability of getl:ing 4 good oranges

e
25
P(X = 1) = Probability of gethng one bad orange
5 (20)
= —X
25 \25
P(X =2) = Probability of getting two bad oranges
2
- (35
25 25
P(X =3) =Probability of getting three bad oranges
5\ 20,
= (—-——-) X—-. C3

25, 25
P(X =4) = Probability of getting four bad oranges
4
51 4
= |—=|."C
[QBJ ¢
Computation of Mean and Variance
x| pi=pX=x;) PiXi pixt
0 56 . 0 0
625
| e 256 256
625 625 625
. | % 12 384
625 625 625
s | 1 8 u
625 625 625
s | L i 16
625 625 625
500 2 800
Ip%i =0 | WP = oo
- 500 4 2 800 32
We have, Zpx; = =5 g and Zp;xi = 62.5 =55

— 4
X = Mean = Zp;x; = 35
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32 16 16

\% ot — (gt ==
and ar() = Epix; —(Zpix) 25 25 25
Hence mean = — and variance = —16Ans
] 2 = 5 ce = 5 .

22, Find the position vector of the foot of

perpendicular and the perpendicular distance
from the point P with position vector 2 ’z}+ 3:\1'+ 42

- A A A
to the plane r.(2i+j+3k)-26=0. Also find
image of P in the plane. [6]
Solution : Let L be the foot of the perpendicular

A A A
drawn from P(2i+3j+4k) on the plane
- A A A
r(2i+j+3k)-26=0

We know that the position vector of the foot of
perpendicular from the point P with position

- = =
vector a from the plane r.n =4 is given by
P23 + ]+ 3k)

720+ +3k) -26=0

5 ld~(a.n)n
l"lz

_ [26- (21+3]+4k)(21+]+3k)](2:+]+3k)]

(J2+1+9)?
[26 (4+3+12)](2z+]+3k) (21+]+3k)
14
_ ;\+ A+3A
= ] 2
andﬂ1eperpend1culardlstancelsgwenbyla—n~d—|
| n]

So, required distance
@743+ 4ky27+j+3k)-26]
V14

= J_
Let Q be the i unage of the point P(21+3]+4k)
to the plane r-(21+1+3k)—26=0. Then PQ is
normal to the plane.
Therefore, equation of line PQ is

—» A A A A A 2l

r =(2i+3j+4k)+M2i+j+3k)
Since Q lies on line PQ. So, let the position vector
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of Qbe (27+3 ]+4k) +A2 1+ ] +3%)
=(2+2x)?+ (3+7»)lf+(4+37~)2

Since, R is the mid-point of PQ. Therefore, position
vector of Ris
[(2+20)1+(3 +X) j+(4+30)R]+ 27+ 3 j+4k)

2

C @40)i+(B+A/ D) +@E+3M/ DR

—> FaSaY "N
Since R lies on the plane 7 .[2i+ j+3k]-26=0
. {(2+A)?+(3+x/2)?+(4+3x/2)2}..

AA A
(2i+j+3k)-26=0

= 4+2K+3+—?2L+12+—92?"-26=0
7
= —'=1
= A 7

Thus, the position vector of Q is
Fa¥ Fa¥ Fal
4i+4j+7k Ans,
23. Show that the binary operation ¥ on A =
R-{~1}definedasa*b=a+b+abforalla,b
€ A is commutative and associative on A. Also
find the identity element of * in A-and prove that
every element of A is invertible.** [6]
24, Prove that the least perimeter of an isosceles
triangle in which a circle of radius 7 can be
inscribed is 6+3r. [6]
Solution : Let ABC be an isosceles triangle with

AB = AC and a circle with centre O and radius r,
touching sides AB, BC,CA at D, F, E respectively.

In AABC
LetAD=AE=x,BD=BF=yandCF=CE=y
(* Tangents drawn from an external point

are equal)

Now, ar (AABC) = ar (AAOB) + ar (AAOC) + ar
~ {ABOC)

= % x 2y (r+\}1'2+x2) = -% {2yr+(x+y)r

+Hx +y)r}

**Answer is not given due to the change in present syllabus
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10

1
= (,.+ - +x2) =3 {2yr + 2(x+y)r}
= (r+ r’+x ) =r(y+x+y)

= yr+y( r+x ) =2yr+rx

= ( 72+x2)y=rx+yr

Squaring both sides, we get
V(P +xD) = P2+ P+ 2P xy

= PR+l = PR+ R+ 2y

= yzx = rPx+ ZrZy
' 21'2y
= x=
Vr?
Now, P (Perimeter of AABC) = 2x + 4y
= P= A7 L4y
V27

Differentiate above equation w.r.t. y, we get

P 4t -r)-ary2y) |

dy (yz 2)2.
4r I:y2~r ~2y1] »
Tt
- dP _ M+ 4
dy ~ G-
For maxima and minima of P, put
: e
= 2 =0
2,2 2
= - ity 2”5‘{)+4=0
¥ -r%)
= AP+ = (P-rP
= A2y = P+ A2
= 3P =y
= ¥ = 377
N y = \Br
2
Now, again differentiate w.r. to y, we get -7
Yy
- —41’2(2y)(1/2—7f2)2 +47f2(:v'2 +y1)2(|/2 —72)x2y

02 —r2)f
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- 4r2(y‘°'~r2)+[~2y(*1,;2 ~r2)+ 4y(r2 +y2)]
y*-r)"
r2)+ y[—2y2 +27r% + 477 +4y2]

2 —r2)

dzp 4r y[2y +6r2]
dy -y

- 4r2y(y2—

4P _6¥3
dytly=3r r

Hence, perimeter P of AABC is least for y =3 r

47'2y
yz _2

=4J—+4rJ_r
2r?

6+/3r Hence Proved.

- and least perimeter is P = 4y+

OR
If the sum of lengths of hypotenuse and a side
of aright angled triangle is given, show that area
of triangle is maximum, when the angle between

. . E
themms.

Solution:Let ABCbearightangled trianglewithbase
BC = x, AB =y such that x + y = k (constant).
Let © be the angle between base and hypotenuse.
Let A be the area of the tringle. Then,

A

A= %xBCxAC
= %x y 2 _x?
= A? = iz(yzmxz) (vy=k-x)
= A= Tk -]
2.2 o3 2
= Cop2 g K2 ()

4
Differentiating w.r.t. x, we get

www.cbsepdf.com

25.

dA  2k%x—6kx?

2A" - =

dx 4

2 2

N 4A _ kx-3kx”

dx 4A

For maximum or minimum, we have
A, _Kz-3kd ok
T aA T

Again differentiating (ii) w.r.t. x, we get
2 2
(dAJ ZAd A _ 2k -12kx

dxz - (i)

Putting %=Oandx= gin(iij),weget

PA_E
dx?  4A
Thus, A is maximum when = E
Now, and x=§andy=k~x= k_5=%k,
o= X= k/3 1
osv= T %372

0= cos ™t (%J = g Hence Proved.

Prove that the curves y” = 4x and x* = 4y divide
the area of square bounded by x =0, x=4,y=4
and y = 0 into three equal parts. [6]
Solution : Let A1, A; and Az denote areas OSPQO,
OSPTO and OTPRO respectively.
To prove: A; = Ar = Ag,
2
4x
0 'Ifdx
1¢4 2
Z 0 x“dx
3 4
1| x 1 64 16 .
= —|—| =—%—=-—sq.units
43) 43 3

Now, Ay

1l

Ya

| Ak
© 4

x2=4y

x' <

Olx=0 Q@0

11
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Aj = (Area bounded by yz = 4x) — (Area bounded
by x% = 4y)

Az 0

2

[l
.
&

li

l
B
B
7.5

and A3 =

Hence, A1 = Ar = A3, Hence Proved.
26. Using properties of determinants, show that

AABC is isosceles if : [6]
1 1 1
1+cosA 1+cosB 1+cosC =0
cos’A+cosA cos’B+cosB  cos? C+cosC

Solution We have,

1 1 1

1+cosA 1+cosB l+cosC |=0

cos> A+cosA cos2B+cosB  cos? C+cosC

Applymg C > C-Ciand C3— Ci->Cy

1 0

1+cosA cosB—cosA

cos” A + cosA  (cosB-cosA)(1+cosA+cosB)

0
cosC—cosA =0
(cosC—cos A)(1+cos A+cosC)

Taking (cos B — cos A) and (cos C — cos A) as
commeoen from C; and C3 respectively.
=> (cos B—cos A) (cos C—cos A)

1 0 0

1+cosA 1 ) 1 =0

cos? A+cosA 1+cosA+cosB 1+cosA +cosC

www.cbsepdf.com
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= Expanding along Ry

(cos B—cos A) (cos C - cos A)
[1+cosA+cosC—1-cosA-cosB]=0
=>(cos B ~cos A) (cos C —cos A) (cos C—cosB)=0 -
Either cos B=cos Aorcos C=cos Aorcos C=
cos B
ie., either BC = ACor BC = ABor AC=AB
Hence, A ABC is isosceles. Hence Proved.
OR
A shopkeeperhas3varietiesof pens’A’,"B’and ‘C’.
Meenu purchased 1 penof each variety foratotal of
¥ 21. Jeevan purchased 4 pens of ‘A’ variety, 3
pens of ‘B’ variety and 2 pens of ‘C’ variety for
¥ 60. While Shikha purchased 6 pens of ‘A’
variety, 2 pens of ‘B’ variety and 3 pens of ‘C”
variety for ¥ 70. Using matrix method, find cost
of each variety of pen.
Solution : Let the cost of each variety of pen be
¥ x, Ty and T z respectively. Then,
x+y+z =21
dx+3y+2z = 60
and 6x+2y+3z = 70
This system of equations can be written in matrix
form as follows :

1 1 1x] [2
4 3 2
6 2 3|z| |70

or . AX =
1
3
2

z 70

1 1 [ x (21
where A= |4 2,X= y | and B=| 60
6 3

Now,

ES
1

19-4-1(12-12)+1(8-18)
= -5=#0
So, A™ exists and the solution of the given system
of equation is given by
X = A7B
Let c;; be the cofactor of a; in A = [a;]. Then,
c11=5,¢12=0,c13=-10,c21=-1,cn=-3,c3 =4,

c1=—1,c32=2,c33=~1

T

5 0 -10 5 -1 -1
~adjA=|-1 -3 4| = 0 -3 2
-1 2 -1 |10 4 4
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1 1 5 -1 -1 105-60-70
So, A= ajediA=-z 0 3 2 - m% 0-180+140
-0 4 4 —210+240-70
Hence, the solution is given by o5
5 -1 -1)[21 1 _
X=A1B= - 0 -3 2|60 =75 el
5 —40 8
-10 4 -1]|70
Hence, the cost of each variety of pen are ¥ 5, 8
and ¥ 8 respectively. Ans.
o0
All questions are same in Outside Delhi Set I
and Set II
‘Mathematics 2016 (Delhi) | SET I
Time allowed : 3 hours Maximum marks : 100
SECTION — A +3A12-7A
—9A3 2_
1 1 1 = 2A° + 6AT°-7A
1. Findthemaximumvalueofl 1+sin6 = 1 |. =2A.A%2+6AP-7A
' 1 1 1+cos0 = 2AI + 6AI-7A
[l =8A-7A
! ! ! A Ans
Soution:Let A=[1 1+sin® 1 - )
1 1 1+cosB 0 2p -2
On applying Ry — Ry Rz and R - Ry — Ry, we 3. Matrix A=|3 1 3|is given to be
get 3 3 -1
0. —sin® 0 symmetric, find values of a and b. (11
A=[0 sin® —cosd 0 2b -2
1 1 1+cosO Solution: We have, A=[ 3 1 3
On expanding along R;, we get 30 3 -1
A=0+s5n6(0+cos6)+0 It is given that the matrix is symmetric.
= sincos 0 s given
1. 28 A= A’
-2 0 2 2] [0 3 3
Now as—1<sin20 <1 for all e R |3 1 3|=|22 1 3
= -2<lon20<2 foralloe R 3 3 -1 [2 3
2 2 2
. 1
Clearly, maximum value of A is 5 Ans, Now, by equality of matrices, we get
2. If A is a square matrix such that A?%=1], then find 2 = 3
the simplified value of (A-D°+ (A +D°-7A. _ , . 3
[1] 2
Solution : Given,
and 3 = -2
A-DP+A+T°-7A )
= AT-P-3A% + 3A1 + A3+ 1% + 342 = “T T
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Therefore, a = 2 and b= 3 Ans.
32
Find the position vector of a point which divides

> -
the join of points with position vectors a—2b

<> o
and 24+ b externally in the ratio 2: 1. [11
Solution : Let A and B be the given points with

> > -
position vectors 4 —2 b and 2 g + b respectively.

Let P be the point dividing AB intheratio 2: 1
externally.

— —> oo

A(a—*Zb) P B(2ﬂ+b)

> o S5

. Position vector of = 224+ bz)—i)((a—z b)
- o

=3a+4b Ans.

AA AA A
The two vectors j+k and 37— j+4k represent
the two sides AB and AC, respectively of a AABC.
Find the length of the median through A. [1]

Solution : In AABC,
A

~,

B > D > C
Using the triangle law of vector addition, we have

—

- -
BC=AC - AB

AA A A A
=3i-j+4k)-(j+k)

A A N

= 31—2]+3k
BD —lBC—glz\—}\+3£

(smce AD is the median)
In AABD, using the triangle law of vector addition,

we have N
AD AB+ BD

\ 34 A 34
= (j+k)+| 2i-j+2k
(]+ )+{21 ts J

A LA A

= —i+0j+=k
2TV,

o (F o 5 -

Hence, the length of the median through A is

_;:\/ﬁ units. Ans.

www.cbsepdf.com

Find the vector equation of a plane which is ata
distance of 5 units from the origin and its normal

A A A
vector is 2i—3j+6k. [11
4 A A A
Solution:Here,d =5unitsand n =2{-3j+6k

- A A A A A A
n 2i-3j+6k 2i-3j+6k

A
n~a J4+9+36 49
A 2% 37 69
= n = —i—=j+=k
7 77
Hence, the required equation of the plane is
Fa¥ Fa¥ A - A
r [ZI—§]+6k] [e7.n=d]
7
e d Fa¥ A A .
or r.(2i-3j+6k)= 35 Ans.
SECTION —B
Prove that : ‘
tan"11+tan"11+t.111‘11+tan“11=E 4]
5 7 3 8 4 [
Solution LHS =
[tan 11+tanhllj+(tandll+tanullJ
5 7 3 ‘8
11 11
al 577 4|l 378
=tan 1T 1 +tan T 1
1-—x= 1-—x=
57 8
tan"1A+tan_1B=tan"1(A+B)
1-AB
=tan™ 6 +1‘.::m"1H
17 23
6 11
._+._.
—tan—t| 17 23
6 11
l-—x—
17 23
tan_l(.BéJ
325
=tan (1)
=T
4 Hence Proved.
OR

Solve forx:
2 tan™ (cos x) = tan"! (2 cosec x)

Solution : Given, 2 tan! (cos x) = tan™! (2cosec x)

— tan "} (LS;_CJ =tan"!(2 cosec x)
x

1-cos
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2cosx
= 5 =2 cosecx =—;
sin‘ x sinx
= cosx =sinx
= tanx=1
T
= x:z Ans.

The monthly incomes of Aryan and Babban are
in the ratio 3 : 4 and their monthly expenditures
are in the ratio 5: 7. If each saves ¥ 15,000 per
month, find their monthly incomes using matrix
method. This problem reflects which value ?
[4]

Solution : Let the monthly incomes of Aryan and
Babban be 3x and 4x respectively.

Suppose their monthly expenditures are 5y and .

7y respectively.

Since each saves ¥ 15,000 per month.

Monthly saving of Aryan: 3x -5y = 15,000
Monthly saving of Babban : 4x — 7y = 15,000

The above system of equations can be written in
the matrix form as follows :

3 5||x _ 15000
4 -7||y| [15000

'3 -5 x
AX =B, where A =" },X=|: }and

Y [ 15000
~ 115000

|=-21-(-20)=-1 %0

3
Now, |Al= 4

sacl? T[T 5
@f=15 3/ 7|4 3

§ 1 .. -7 5] [7 -5
So, Al= —adjA=-1 =

|A] 4 3|74 -3
x = A1B
x]  [7 -5][15000]
= y| = L4 -3][15000]
"x]  [105000-75000
= y| = | 6000045000
] 130000
= y| = [15000

= x = 30,000 and y = 15,000
Therefore,
Monthly income of Aryan = 3 x 30,000 =¥ 90,000

www.cbsepdf.com

Monthly income of Babban = 4 x 30,000 =
¥1,20,000

Value : Saving in good time helps us to survive
in bad times. Ans.
Ifx=asin2t(1+cos2t)and y=>bcos 2t (1-cos2i),

dy T T
ﬁndthevalqesof Ix ati“-4 andt—-é-‘ [4]

Solution : We have, x = 2 sin 2t (1 + cos 2t)

dx . 9
= T 2q cos 2t (1 + cos 2t) — 2z sin” 2¢

and, y = bcos2t(1-cos2t)

= d_y = 2b cos 2t sin 2t — 2b sin 2¢

at (1 —cot2t)
dy _ dy dt
dx dt dx

_ 2bcos2tsin 2t —2bsin 241 —cos2t)
N 2acos2t(1+ cos2t)— 2asin? 2¢
b[cos 2tsin 2t —sin 2¢(1—cos 2t)]
a[cos 2¢t(1+ cos2t)— sin?2¢]

Since we know that att=£, sin2t=1 and cos
2t =0, 4

dyy _
5o [dx l=f -
4

3
Also, we know that at t=g—; sin2t= 5 and cos
1

2=~

PG Gl D)

e

b01-1(1-0)] _b
a0(1+0)-12] a

OR

2 2
If y = x* prove that sz—y—%(ix—y) _%=0,

Solution : Given, y = x*

Taking log on both sides, we get
logy = log (x)

15
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= Iogy>=x10gx
On differentiating w.r.t. x, we get
l—;{- = logx+xxl=1+logx
y x
= l_f% =x* (1 + log x)
= ﬂ = y(1+log x)
dx
Again differentiating w.r.t. x, we get
d2
= dx—g = (1 + log x) Z—Z+y%(l+logx)
2 1
= d—z = (1 + log x).x*(1+ log x) + x* x —
dx x
dzy x 2 L x-1
—Z = x*(1+log x)* +x*
= ix2 gx) -
2
d?  y\dx x
2 2
d—‘z——l—(d—y) -L-o Hence Proved.
dx* y\dx x
. Find the values of p and q for which
" 3
—I_SH; e ; fre<l
3cos“x 2
oy = P , ifx=§
diosing g
| {(v—2x) 2 [4]
is continuous at x = n/2.
3
s’z X
3cos“ x 2
Solution: Given, flx)=< p s ifx:%
_q(1~s1n§) , fr>Z
| (m—2x) 2

f(x) is continuous at x = g, then LHL =RHL =f(a)

e, lim £~ tim, /)= (%]

X—or— ?
—gin3

lim f(x) = lim (__1 s
I_’% s 3cos“ x

= lim (1-sinx)(1+sin? x+ sin x)

n 3[1-sin? x]
x—;T
Lk (1-sin x)(1+sin? x +sin x)

n 3(1+sinx)(1-sinx)

2
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11.

16

- 1+sinx+sinx 1+1+1 1
 f() 3(1+sinx) 32) 2

T
=
2

-1
X—>—
2

Letx=E+9asx—)£,9—)0
2 2

[1—sin(£~9]:|
ﬁm+f(x)=limq 2 =iﬁm1-c059
T

- 850 (20)? 460 02
0
2sin2 2 . 28
. sin 2 4y sin” g
4650 @2 2650 [9]2 8
4x|—
2
Now, lim f(x)= lim+ fx)=f (-723)
T T
I—)T I—)T
r_,-1
= 2 P78
= = % andg =4 Ans.
Show that the equation of normal at any point

on the curve x = 3 cos t — cos?  and y = 3 sin
t —sind is 4(ycos3t—xsin3 1)=3sin4t. - gin® ¢
is [4]

Solution : Given,
x = 3 cos t—cos®

= %:—35&1t+3cosztsint
and y = 3sin f-sin® ¢
= d_y = 3 cos t—3sin’ t cos t
Slope of the tangent,
dy
dy _L_f_L_ 3cost—3sin? tcost
dx d_x —3sint+3cos? tsint
dt
_ 3cost[cos® 1]
—35int[si112 t]
= iil - —cos> ¢
dx sin® ¢
—-dy sin®¢
.. Slope of the normal = —=
P dx  cosdt

The equation of the normal is given by

y—(351nt—sin3 t) _ sin ¢

x—(3cost—cos® t) cos® t
= ycos®t-3sintcos®t +sin®f cos® t
=xsin® t -3 cos  sin® f + sin® t cos? ¢
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= ycos®t—xsin®t=3 (sintcos’ t—cos t sin’ )
= ycos®t—xsin®t=23sintcost(cos® t —sin?#)

3 . 3 Ix2
= ycos’t—xsin t=—2— sin t cos t cos 2t

3
= ycose’t—xsm:*t:EsinZtcosZt
3x2
3t — x sin® = —— .sin 2f cos 2¢
= ycos’t—xsin %2 sin 2t cos

> ycos’t—xsint= %sin4t

=4 (ycos®t—xsin®f)=3sin4 Hence Proved.
(3sin0-2)cos9

5—cos*0—4sin@

(3sin6—2)cosO
5—cos20—4sind

12. Find j 40 141

Solution : Let I= I a8

N I=_[ (3sm6;2)cos.6 0
4+1—cos“6—4sin0
I J- (3sin 8 —2)cos9.40
= = 1 4 +sin%0—4sin0
[ 1-cos? @ =sin® 0]
I J-(Ssine—2)c059.d0
= = sine -2y
Put sin O =¢
= cos 0. d0 =dt
I= J-(3t—.22).dt
(t-2)
Consider,
3t-2 A B
7= + z
(t-2)- (t-2) (+-2)
3t-2 =A(t-2)+B
On comparing, we get
A =3 and B=4.
3 4
I= —+ dt
I(H (t—Z)ZJ
= I=3log|t-2|-———+
og|t—2| T
4
= I =31 ing-2]-———
og | sin | (sin9—2)+c
Ans.
OR
T2y . (R
Evaluate Io e .sm(z+x)dx
Solution:LetI = Igezx.sin(g + x]dx
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5_75211:_ £j|11“.['n: ]Zx‘
[cos4.e cos4 zxzjosm 4+x.e Ax

S e S E N
1

=>I+l=— 1 e + 1 e 4 1
4 22 22 42 42
51 —26%"—24¢%+1 -¢*"-1
4 42 42
2m
e +1
= 5l=-
[ V2 J
1[ e?™* +1
=>0= -2 ——— Ans.
5[ V2 J
13. Find I—J;—dx. 4]
3 .3
T ANat -2

Solution:Let I

Jx
Nt

Put 2 = ¢

= %\/;.dx = dt

= Jrdx = %‘dt
Putting the values in I, we get

1= 2f—

_2 Y
= I—gSln EBT +C
3/2
or I=§sin"1(%) +c Ans.
2,3
14. Evaluate : I_llx -x|dx. [41

2
Solution:Let I = Illxs—x|dx.
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flxy = ¥-x
fy = P-x=x(x-1)(x+1)
The signs of f(x) for the different values are shown

or %(1+10g3c)2--16g|1—y2 |=c
It is given that y =0 whenx =1

in the figure given below : So, l(1+log1)2—log|1—02 |=c
& - ] + L~ ] + 5 2
@ -1 0 1 = 1
- —_ = C = —
flx) > Oforallxe (-1,0) U (1,2) _ 2
. 1+log x)° 1
fix) < Oforallx e (0,1) .. (+logx) _log|1-y*|=
Therefore, 2 2
B Box,  xe(-1,00u(1,2) or (1 +log x)*~2log [1-y*| =1
- —x® —x), xe(0,1) It is the required particular sclution. Ans,
=[x —x|dx 16. Find the gen'eral solution of the following
- _ differential equation :
=[O0 #° —x[dx+ o] 2% —x | dx+ | 2° - x| (1+yz)+(:r—em_ly)%=0 [4]
= 121(1‘3 —-x)dx—]'é(x3 —x)dx+ J'12(7'?3 —x)dx Solution : The given differential equation is,
-1 d
0 1 2 1+ +(x—e® N g
_{x'* xz} {x’; xz} _{x"‘ xz} ( y?-) ( )dx
=22 - - 0
4 2| |4 2 |4 2 e (1 Janly
=7 7 X = 2
(33450 YAy ey
4 2) \4 2 4 2)\4 2 . This is a linear differential equation with
1
=g+(4'—'2) P = 3
4 1+y
11 -1
=— Ans, fan "y
4 and Q=%
. . . . . 2
15. Find the particular solution of the differential 1+y
equation . 1
(1-1 (1 +1ogx) dx+2xy dy =0,giventhaty=0when LE. = | 1+ = tan~1
x=1 ' [4] . ¢ =e ¥
Solution : The given differential equation is, So, the required solution s :
-1
1. n
(1-9) (1 +log x)dx + 2xy dy = 0 Ly j'e'm‘ ly e Zy-dy
(1+logx) 2y 1+y
dx = 5oy 1
x (1-y*) Put tan™ty = ¢
On integrating both side, we have = 1 dy = dt
1+logx 2y 1+y”
I——-dx = j— Y :
x 1-y*) . ey o [e*.at
In first integral, N )
put 1+110gx =t . - xetan—ly _ %e2t+C
= ;'dl' = dt 1 1, -1
tan"'y _ _p2tan Ty
Also, in second integral, = e 2° +C
put 1~y = u 1 gl -1
= ~2ydy = du = x = Eei‘m Y1Ce ™ Y Ans.
It.dt = Il.du — = -
u © 17. Show that thevectors 2, b and c¢ are coplanar

2
= —-1
5 ~log|u]

- 5> 5> o > -
if a+b,b+ cand c+ aarecoplanar. (4]

-
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18.

e T
Solution:As a+b, +c,c+uarec0planar

=0 (D)

_)
Now, if 4,b and ¢ are coplanar vectors

i T e e e
c a

So, [a+b b+c c+

el

- 2> >

then, [2 b ¢]=0

e T e e i B T S
=[axb+axc+bxb+bxcl(c+a)

s T T 2 e s
=(axb).c+lax b)a+(axc) c+(axc)a

e i
+(bxc) c+(bxc)a

- -

—(ax b) c+0+0+0+0+(bx c)a

e e T
b cl+[b ¢ al

From equation (i)
e N i i e

=2[a b c] [a+b b+c c+al=0
e

= [a b ¢]

0

- > - e e
. a,b and ¢ are coplanarif 2+ b,b+c and
- >
¢+ a are coplanar. Hence Proved

Find the vector and cartesian equations of the line
through the point (1, 2, - 4) and perpendicular to
the two lines.

- Ia) A A ~ I Ia)

r =(8i—197+10k)+A(3i—-16j+7k)

e d A A A I A A
and r=(15i+29j+5k)+p(3i+8j-5k)
Solution : The equations of the given lines are
b d A A Al A A A
¥ =(81~19 j+10k)+A(3i—~16 j+7k)
b d A ) A A ) A
r=(15i+29j+5k)+u(3i+8j-5k) ... (if)
Norma] parallel to (1) is
n1—31 16]+7k
Normal parallel to (ii) is
- A A A
flg=3i+8j-5k

The required line is perpendicular to the given
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>

lines. So the normal n parallel to the required
- -

line perpendicular to n; and n;.

A A A
i j k
5> 2> o A A A
Lon=mxmy=(3 16 7|=24i+36j+72k
3 8 -5

Thus, the vector equation of the required line is
—> A A ) A A A
r—(i+2j 4k)+y(24z’+36j+72k)

= 7 —(z+2] 4k)+k(21+3]+6k)
(where k= 12y)

Also, the cartesian equation of the required line
is

x-1 y-2 z+4.

2 3 6

Three persons A, B and C apply for a job of
Manager in a Private Company. Chances of their
selection (A, B and C) are in theratio1: 2:4.
The probablhtles that A, B and C can introduce
changes to improve profits of the company are
0.8, 0.5 and 0.3 respectively. If the change does
not take place, find the probability that it is due
to the appointment of C. (4]
Solution : Let Eq, E; and E3; be the events
denoting the selection of A, B and C as managers
respectively. :

Ans.

1
P(E;) = Probability of selection of A = 7
2
P(E7) = Probability of selectionof B= 7
P(E3) = Probability of selection of C = ;

Let A be the event denoting the change not taking
place.

P(A/E1) = Probability that A does not introduce
change =02
P(A/Ej) = Probability that B does not introduce
change = 0.5
P(A/Ea) = Probability that C does not introduce
change =0.7
.. Required probability = P(E3/A)
By Bayes’ theorem, we have
P(Ea/A) =

P(E;)P(A/E;3)

P(E1)P (A /Ey)+P(E2)P(A/E,)+P(Es)P(A/E)

é><O.7
7

1 02+2%05+ %07
7 7 7

19
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2.8 Probability of winning of A
02+1+28 ‘ .
o LB L),
=_2£-1_8=0.7 Ans. 6 \612°6) (6 12 6 12 6
OR 1 n
A and B throw a pair of dice alternately. A wins =% 17 56 17
the game if he gets a total of 7 and B wins the BT
game if he gets a total of 10. If A starts the game, N o .
then find the probability that B wins. ~- Probability of winning of B =f1 -.Prqbabﬂfltz
Solution : Total of 7 on the dice can be obtained ot winfiing o
in the following ways : - 1- 2_5 Ans.
1,6)6,1), 2.5, 6,2, 6,4, 43 vy
1 —
Probability of getting a total of 7 = 3% - SECTION —C
20. Letf:N — N'bea function defined as fix) = =97+
1.5 6x - 5. Show thatf: N — S, where S is the range
bability of not gettin; t 7=1-=-==
Fro ty of not getting a total of 6 6 of f, is invertible. Find the inverse of fand hence
Total of 10 on the dice can be obtained in the find f~1 (43) and £ (163). [6]
following ways : Solution : Given,
(4,6}, (6,4), (5,5) flx) = 9% +6x-5
) ] Let x3, xo €N and f (x1) = f (x2)
Probabili tting a t f 1
robability of getting a total of 10 - 9x12 + 6x1 ~ 5 = 9% + 637 5
- 3_ 1l = 9x2—x2)+6(x1—x2) =0
. 3% 12 = (Xx1—%2) [9(x1 + x2) + 6] =
Probability of not getting a total of 10 = . X1—x2 =0
-1 _1 as 91 +9%2+6 #0 [x1, 22 € N]
12 12 = X1 = X2
Let E and F be the two events, defined as follows : f is one-one function.
E = Getting a total of 7 in a single throw of a dice Let = 9r*+6x-5
F = Getting a total of 10 in a single throw of a dice = ¥ = Bx+12-1-5=(3x+1)*~6
1_- 5 => Bx+17? = y+6
P(E) = =,P(E)=2
® 6 ®) 6 = 3x+1 = Jy+6
PE) = L pE)-1
12 12 Jyv6-1
A wins if he gets a total of 7 in 1%, 3" or 5%.,., = X = 3 asx eN
throws. = \fy+6-1 >0
Pr(;babi]ity of A getting a total of 7 in thelst throw - y+6 > 1
= 6 = ¥y > -bandyeN
A will get the 3™ thn:;iowﬁ he fails in the 1st thI'OW So, the function is invertible if the range of the
and 2;:115 mfi‘e 2% throw. . function f () is {1, 2, 3, .....}.
Prob tting a total of 7 in the 3™ thr
ttyof Age _ga(: ° 1n5e 1 10w f :N—>Sis onto as codomain = Range
=P(E)P(F) P ()= 6 1276 Hence f is invertible.
Similarly, probibih'ty_of getEng a_total of 7in the Therefore, the inverse of the function flx) is
5™ throw =P (E) P (F) P (E) P(E) P (B) 1), i
T ),ie, x
5,115 11 1. _ +6-1
T e e g e Now, ) = ¥
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= f—1(43) = ___“43';6—1___2
and  fl(163) = —u—"m’:;’6"1=4 Ans.
yz—xz z.x—y2 ch—z2

21. Provethat |zx—y®> xy—z2 yz-—x]isvisible

xy-2 yz-x° zx—y*
by (x+y+z) and hence find the quotient. [6]
yp-xt -yt -7
Solution:LetA = [zx—y? xy—z> yz-x*
xy-z2 yz-x* zx—y?
Apply‘ingC1—)C1—C2, Cz-—)Cz—Cs
Yz —zx+y° x—xy—y*+z>  xy-z°
A=zx—:ry~y2+z2 qu——yz—zz+:t2 ‘1,/z—x2
Xy —yz—7° + X yz—zx—x> +y° zx—y*

(y-x)x+y+z) (2-yHx+y+2) xy—z2

A=(z—y)(x+y-yz) (x—z)}x+y+2) yz—x2

Jx—2}x+y+z) (Y-x)(x+y+2z) zx—y2

Taking (x + i + z) common from C; and C both

-0 -y -2
A:(x+y+z)2(z—y) (x—2z2) yz—x2

(x-2) (y—%) zx—y?

Applying R1 - R; +Ra + Ra

0 0 xy+yz+zx—:c2—y?'—z2
A=(x+y+z)2 (z—y) (x-y) yz—x*
(x—2z) (y-x) zx-y*
Expanding along Ri, we get

A=(x+y+2P ((y +yz+ 2=y - 2)
[G-y) -2 -x-2])
SA=(x+y+22 {(y+yz +2zx - -y - 20)
o (xy+yz+zx—xz—y2—-zz)}
A=(+y+zf(y+zy+zx -2~y -2

Hence A is divisible by (x +y +z) and the quotient
is(x+y+2)(xy +yz +zx—x2—yr =22

Hence Proved.
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OR

Using elementary transformations, find the
8 4 3

inverse of thematrix A= |2 1 1 |and useit
1 2 2

to solve the following system of linear equations :
Bx+4y+3z=19
2x+y+z=35
x+2y+2z=7

8 4
Solution: Here, A= {2 1 1
1 2

Using A =1A, we have

8 4 3 1 0 0
2 1 1/ =10 1 0|A
1 2 2 0 0 1

L =

Applying Ry <> Ra, We get
1 2 2 0 01
21 1| =01 0}A
8 4 3 1 00

Applying Rz — Ry - 2R3, Ry — R3~ 8Ry, We get

1 2 2 0 0 1
0 -3 3| =1]0 1 -2]A
0 -12 -13 1 0 -8
: Ry
Applying R, > 75+ we get
o2 |0 ) )
Applying Ry — R; - 2R;, we get
[ 2 1]
0 = -
1 0 ¢© 3 3
o 1 1| =1lo % % A
0 -12 13 1 o0 -8
Applying Ra — R3 + 12Rp, we get
i 2 1]
0 = =
10 0 -3 3
01 1] =|g 1 2|,
00 -1 3 3
1 -4 0]
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Applying R; — ~Rs, we get

o 2 1
10 0 3 3
0 1 1f=10 -2 2a
001 |4 % o
Applying Rz = Rz - R3, we get
- 2 17 The volume (V) of the cone is given by,
0 = = 1 52
10 0 lg ;; V= gnR h
0 1 0of =11 3 3 A Now, from the right triangle BCD, we have
Thus, we have ( 5 . h=r+yr?-R2
0 . =
3 3 V= %nR2r+%nR2\/r2 -R?
13 2
A——l = 1 - =
3 3 AR R N
’ -1 4 0] ~dR 3 3 )
The given system of equations is + %—%
Bx+4y+3z =19 2Nr°-R
2x+y+z=5 2 2 7 oz nR3
x+2y+2z=7 = '3—TERT+'§11:R r“-R ﬂ_"—s r——rz_Rz
This system of equations can be written as AX = B, A 3 .
8 4 3 x 19 - = 2 Ry 4 2R( -R7)-2R
where A= 12 1 1{,X=|yland B=|5 3 3\/1‘2—R2
12 2 z 7 2 2nRr? - 3nR?
X = A7'B 3 3Vr?-R?
-
0 2 1 Now, ﬂ =0
x 3 3|T19 4R
_ 13 2 3 Rr2
= yl =11 3 3 5 N 2mR _ 3nR7-2n
I A 3 372 <R
- 10 7 =4 27‘\’?2—'R2 = 3R2—272
0+—-2L
x 373y = 47(P-RY = (3R2-2r)?
N y| = 19—%§+% ~ = 44~ 47R? = 9R* 4 4% — 12R%2
21 | -19+20+0 = 9R -8R = 0 |
2 _
srx=l,y=2andz=1. Ans, =. IR = 8722
22. Show that the altitude of the right circular cone = R2- 877
of maximum volume that can be inscribed in a Now, v
2
sphere of radius r is ar, Also find maximum @R
3
volume in terms of volume of the sphere.  [6] 3Wr2 -R2(2nr? - 9nR?) -
Solution : A sphere of fixed radius (r) is given. 2 3 1
Let R and & be the radius and the height of the Yr +(2RRr" -37R") (- 6R)2 »2 _R?
. =
cone respectively. 3 o2 _RY
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3Jr2 —RZ(27r® -9nR?)

1
(27Rr? - 37R3)(6R)— ——
L 2mr . 2Wr2 —R?

3 9(r% —R2)

2 2
No, when R?= —ST—, Clearly v <0.
9 dR?

.. The volume is maximum when
R2 = §’i
9
Height of the cone

—r+1’r ~——r+1’——r+—=—

Hence, it can be seen that the altitude of a right
circular cone of maximum volume that can be

inscribed in a sphere of radius r is %—

Let volume of the spherebe V; = %7‘!.‘1’3.

- 3JB;VS
4n

1
.. Volume of cone, V= gnth

1 8% 4r ( 2 BrZ]
o S wRI="
= AY 3" 9." 3 9
2w3 B (4 3]
= V=
. 81 27(3”
. Maximum volume of cone in terms of sphere =
8Vol f sph
Oume O P  Hence Proved.
27
OR

Find the intervals in which f{x) =sin 3x—cos 3x, 0
<x <, is strictly increasing or strictly decreasing.
Solution : Consider the function
f{x) = sin 3x — cos 3x
= f'(x) = 3cos 3x +3sin 3x
= 3(sin 3x + cos 3x)

af{smsxcos@fcosmm@}
o2 fsnf 32+ )}

For the increasing interval f'(x) > 0.

3V2 {sin(sx + g)} >0
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. T
sin| 3x+— (>0
( 4)
= 0< 3x+g<n
- 3
= — <3x<—
4 4
-7 T
—< X<
12 4

as 0 <x < mis given

=>0<x<n/d

Also, sin(3x+£)>0

- when, 2n<3x+g<3n

Therefore, intervals in which function is strictly
7n 117:

1212
Similarly, for the decreasing interval f'(x) < 0

32 {sin(Bx + EJ} <0

increasing is 0<x<4and

s'in(3x+£)<'0
4
n
= n<3x+z<2n
= iT~':-<33:<—7E
4 4
T 7
LX< —
= 4 12
Also, sm(3x+4]<0
When 3n<3x+z<4n:,
- 117; <3 1511:
4 4
1ln 15x=
ok —
12. 12

11
ButO<x <7 so —ét <X<TW

The function is stricily decreasing in g <x< %
and ETE <X <. Ans.
12

. Using integration find the area of the region

{(x, y) : 2% + y* < 2ax, y* 2 ax, x, y 2 0} (6]

Solution : We have, {(x, y): 2+ y2 < 24ax, y2 2 ax,
%,y 20}

Consider ¥*+1* = 2ax (i)
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v = ax ...(if)
x=0y=0
Solving equation (i) and (ii), we get
2 +ax = 2ax
= Z-ax = 0
= x(x-a) =0
x =0,a

'S0, points of intersections of (i) and (ii) are (0, 0)
‘and (g, * a). Also, equation (i) can be written as,
(x —a)? + (y - 0)*=4? whose centre is at (2, 0) and
radius is of ‘4’ units.

Requiré area
a a
[y iz [ yadx

.[:\ja2 ~(x —’a)z.dx—«/ajgw/;.dx
[x u\/az —(x—a)? +Z I(TH
0

2
_E\/E[xS/Z]g

It

I

[0+0]- {0+i(——ﬂ ZJa[¥? -0]

2y 2

(Z—g)az sg. units Ans,

24. Find the coordinate of the point P where the line

‘through A(3,-4, - 5) and B (2, - 3, 1) crosses the
plane passing through three points L (2,2,1), M
(3,0,1) and N {4, - 1, 0). Also, find the ratio in
which P divides the line segment AB. [6]
Solution : The equation of the plane passing
through three given points can be given by

x-2 y-2 z-1

x-3 y-0 z-1/=0

x—4 y+1 z-0

Performing elementary row operations
Rz = R;~Rz and Rz = Ry — R3, we get
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Solving the above determinant, we get
@-2)2-0--2)1-0)+-1)(3+4)=0
= Q-4 +@y-2)+(@-1)=0
= 2x+y+z-7=0
Therefore, the equation of the plane is
2x+y+z-7=0

Now, the equation of the line passing.through two
given points is

x-3 _ y+4 z+5 _
2-3 3+4 1+5
-3
= 222 _ y+4_z45
-1 1 6
= ¥ = (-A+3),y=(A-4),z

= (6A~5)
At the point of intersection, these points satisfy
the equation of the plane 2x + ¥y +z2—-7=0

Putting the values of x, ¥ and z in the equation of
the plane, we get the value of A

2(-2+3)+(A-4)+(61-5-7=0

= —-24L+6+A-4+6A-5~-7=0

= 5A=10

= A=2

Thus, the point of intersection is P (1, -2, 7).
Now, let P divide the line AB in the ratio 1 : n.
By the section formula, we have

1 = 2m+3n
T m+n

— m+2n =0
= m = -2n

m -2
= — = —

n 1
Hence, P divides externally the hne segment AB
in theratio 2 : 1. Ans.

. An urn contains 3 white and 6 red balls. Four

balls are drawn one by one with replacement
from the urn. Find the probability distribution
of the number of red balls drawn. Also find mean

" and variance of the distribution. 6]

Solution : Let X denote the total number of red
balls when four balls are drawn one by one with

replacement.
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wiN

P (getting a red ball in one draw) =

oo

1
P {(getting a white ball in one draw) = 3

X ]| 0 1 2 3 4
1V 271V 4 2]2(1]24 2)3(1 1 (2 4

P A2 42 2] Al [ = Me,l =

m(a] 3(3) 1 (3 3 2 (3 3] 3 3]
1 8 2 32 16
81 1 81 81 81

26.

Using the formula for mean, we have

X =ZP;iX;
Mean v

=, 1 8 24 32 16
= L (8+48+96+64)
81

216

81

wjce

Using the formula for variance, we have
Var (X) = ZPX? ~ (EPX;)?

ovwon- (o3443
()

8
Hence, the mean of the disribution is 3 and the

variance of the disribution is g— Ans,

A manufacturer produces two products AandB,

Both the products are processed on two different
machines. The available capacity of first machine
is 12 hours and that of second machine is 9 hours
per day. Each unit of product A requires 3 hours
on both machines and each unit of product B
requires 2 hours on first machine and 1 hour
on second machine. Each unit of product A is
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sold at T 7 profit and B at a profit of ¥ 4. Find the
production level per day for maximum profit
graphically. [6]

Solution : Let the numbers of units of products
A and B to be produced be x and y, respectively.

Product Machine
1(h) I (k)
A 3 3
B 2 1

Total profit: Z = 7x + 4y

We have to maximize Z = 7x + 4y.

Subject to constraints :
3x+2y £ 12
3x+y <9
= x 2 0andy20

The given information can be graphically
expressed as follows :

3Tk
hu i

S

()

: T 3 :? a-él—l&::tlsi----r{ 73:::!$¥::'II q[l

Values of Z = 7x + 4y at the corner points are 5
follows :

. Corner Points Z=7x+4y
5(0,6) 24
R(2,3) 26  Maximum
P(3,0) 21

Therefore, the manufacturer has to produce 2

units of product A and 3 units of product B for
the maximum profit of ¥ 26. Ans.

and Set I

All questions are same in Qutside Delhi Set II |-

25
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